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Abstract 

We provide the metric, the gravitino fields and the gauge fields to all orders in 
the fermionic zero modes for D = 5 and D = 4, N = 2 gauged supergravity So- 
lutions starting from non-extremal ^cfS'-Schwarzscliild black holes. We compute 
the Brown- York stress-energy tensor on the boundary of AdS^/AdS^ Spaces and 
we discuss some implications of the fermionic corrections to perfect fluid Interpre- 
tation of the boundary theory. The complete non-linear Solution, which we denote 
as fermionic wig, is achieved by acting with supersymmetry transformations upon 
the supergravity fields and that expansion naturally truncates at some order in the 
fermionic zero modes. 
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1 Introduction 



Recently, we computed the corrections to Navier-Stokes (NS) equations due to the fer- 
mionic superpartner of a non-extremal black hole in N = 2, D = 5 supergravity pQ. The 
technique is based on seminal work [21 E] • Here we consider the following Situation: we 
start form a Afi^s-Schwarzschild black hole Solution of D = 5 supergravity which breaks 
all supersymmetries preserving only seven isometries of the AdS space; then using the 
AdS-K\\\i\ig spinors we perform a supersymmetry transformation of the metric where the 
gravitino field is generated by the Killing spinors. The metric acquires new terms which 
are proportional to the fermionic bilinears and in terms of those we computed the modi- 
fications to the classical relativistic NS equations for a conformal fluid on the boundary 
of AdS space. Unfortunately, this is not enough to derive the complete non-linear NS 
equations since a finite supersymmetry transformation is needed in order to compute 
the füll result. Again following [21 [3J, one has to construct the Variation of the metric 
under a finite isometry (or superisometry) , which satisfies the Einstein equations, then 
allowing the parameters of the isometry to become dependent upon the coordinates on 
the boundary, one can derive the equations of motion corresponding to NS equations. To 
repeat the program for supersymmetry, we have to construct a finite transformation, but 
in that case due to the anticommuting nature of supersymmetry parameters, the series 
truncates after few steps. The unconventional nature of fermionic hair prompted us to 
adopt the word "wigs" to denote the Schwarzschild Solution decorated with fermionic zero 
modes. The number of needed steps depends upon the number of independent fermionic 
parameters entering the supersymmetry transformations, therefore in our case it depends 
upon the number of the independent parameters of the AdS Killing spinors. 

We can change the perspective and we can look at the problem in the following 
way: given a bosonic Solution of supergravity field equations, one can compute the zero 
modes of the fermionic field equations (3/2- and 1/2-spin fields). Those Solutions are the 
components of a supermultiplet and they trasform into themselves under supersymme- 
try transformations. This can be easily seen at the quadratic level, namely, by taking 
into account fermionic quadratic terms of the action or, equivalently, linear fermionic 
field equations. Nonetheless, those Solutions can be extended at the non-linear level by 
considering all terms of the lagrangian and by expanding the Solution in terms of fermi- 
onic fields. That has an incredible advantage over the a Solution with bosonic hair (see 
for example for a recent development along that line [16]) since the fermionic wigs are 
automatically trimmed by their fermionic nature. 

Based on [T71 [THJ [Tül [201 121], we construct the complete Solution of the supergravity 
equations. We start from a Schwarzschild-type Solution, breaking all supersymmetries 
and preserving 7 isometries of the AdS§ background. The metric depends upon the 
coordinate r measuring the distance between the center of AdS*, space and the boundary. 
We choose a flat D = 4 boundary. Notice that Lorentz symmetry is manifestly broken 
by our Solutions since the time is treated differently from 3d space coordinates. With the 
factorization of the metric into a 2d space-time (r, t) and 3d space {x l ), we can factorize 
the spinors into corresponding irreducible representations. We compute the AdS§ Killing 
spinors and we see that there are two independent choices which are relevant for our 
study. Then, we compute the Variation of the gravitino fields under the supersymmetry 
where the parameters are replaced by the Killing spinors. That produces the first term 
of the fermionic expansion of the gravitino Solutions to the Rarita-Schwinger equation 
of motion. The next step is to compute the second Variation of the metric in terms of 
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fermionic bilinears (A, N, K$). That is achieved by Computing the second supersymmetry 
Variation of the metric. At this stage one can check whether the Einstein equations are 
indeed satisfied. We compute then the effect of the interactions to the RS equations due 
to fermions and to the coupling of fermions to bosons. Already at this step, the usage 
of Fierz identities to rearrange the bilinears is essential to reduce all possible terms. 
The iteration proceeds until the number of independent fermions truncates the series. 
In the process, the gauge field (the graviphoton) , which has been set to zero from the 
beginning, is generated and its field is proportional to the fermion bilinears. We check 
also the Maxwell equations order-by-order. 

The computation of the Killing spinors reveals that there are essentially two structures 
to be taken into account (in the text we denote those contributions as r] and rix). In 
the first case the complete Solution obtained by resumming all fermionic contributions is 
rather simple since the dependence upon the boundary coordinates is very mild. On the 
contrary the computations of the complete metric in the case of rji is rather length since all 
possible structures are eventually generated. In addition, the two structures, at a certain 
point, start to mix and therefore a long computation has to be done. This is due to the fact 
that by breaking Lorentz invariance from the beginning all terms of the spin connection, 
of the vielbeins and of the gauge fields are generated. Therefore we cannot use covariance 
under Lorentz transformation to cast our computation in an elegant and compact form 
and, generically, all components are different from zero. Technically, in order to re-sum all 
contributions we compute the füll Solution using Mathematica® . The result is provided 
in a form which is still difficult to read (the electronic notebook with the D=4 and D=5 
Solutions is provided as ancillary files of the preprint publication). Nevertheless, we make 
some remarks regarding the results and we give the explicit formulas for the simplest 
cases. 

Our construction has different purposes. First of all, we will use the present results 
for deriving the complete non-linear Navier-Stokes equations with fermionic contributions 
PQ. That would be the natural final aim of the present work, but since the results are 
independent from that, we decided to present the derivation of NS equations in a separate 
paper. Second, the natural question is whether the same analysis can be done also in the 
case of BPS Solutions. For that we refer to the first step given in [TS] and we will complete 
their constructions by our algorithm. Another question is the case of D = 4. In that 
case a complete explicit Solution is attainable and we will publish this result elsewhere. 
Finally, an issue that can be addressed with our computation is the presence of ghost 
modes in construction of |22j . 

In sec. 2, we summarize the main ingredients of D = 5 and N = 2 supergravity and we 
list the choices we made to build our complete Solution. Notice that the Solution we are 
considering is suitable also for D = 4 and N = 2 and therefore we provide the complete 
Solution also in that case. We also provide some comments about spinor relations and 
supersymmetry transformations. In sec. 3 we discuss the Killing vectors of AdS^ in our 
coordinate System and the boosted Solution and some considerations regarding the choice 
of the coordinate System. In sec. 4, according to the precedent section we compute the 
Killing spinors. Finally, in sec. 5 we discuss the algorithm and in sec. 6 we compute 
the metric wigs. There, we show that even though the metric explicitly depends upon 
the fermion bilinears, some macroscopic quantities such as the ADM mass do not. The 
complete computation is obtained in the case for rji. In sec. 7, we compute the boundary 
stress-energy tensor as the starting point for the NS equations. In appendices we collect 
some auxiliary material. 
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2 Truncated N = 2, D = 5 Gauged Supergravity 



We provide some useful ingredients for our computation based on papers [U El El [7J [8j 
[T2l [T3"] . We consider the model N = 2, D = 5 gauged supergravity, but we truncate the 
spectrum in order to deal with the simplest Solution in AdS 5 for the present paper. 

2.1 Action 

The N = 2, D = 5 gauged supergravity action was constructed in [U El El E] , coupling 
the pure supergravity multiplet with vector and tensor multiplets. In this paper we 
consider a consistent truncation of that action, in order to deal with Schwarzshild Solution 
in AdS$. We consider the pure supergravity multiplet, formed by the vielbein efj, two 
gravitini i\) % M and the graviphoton A° M , and N — 1 vector multiplets composed by vector 
fields A* M , gauginos A 1 ^ and scalar fields g^Q 

To gauge the U (1) subgroup of SU (2) Ä-symmetry group, we consider a linear 
combination of vector fields A J M and graviphoton A M : A M = ViA T M , where {Vi} are a set 
of constants and index I labels the graviphoton and the N — 1 vector fields. The gauging 
procedure introduces a potential in the action which depends on the scalar q 1 . In order 
to simplify this AdS§ model we set the potential and the scalars to constant, and the 
gauginos to zero. The resulting action is then 

e-'C = \R{u) - lajjF^ N F JMN - \^ R Y RMM V M ^ N + 4g 2 P ■ P 

+ ^-^^ukK, [Fi L F*, + f FG J A F N A G L + h?fHG K A*Af)] 

1„-1-MNLRS + V + J' aI aF aG I X n j?K , 1 J2 f K aH aG\ 
- g e E Ml'J'tlK t F G A M A N A L {-29^RS + Tö9 JHG A R A S) 

-=§ ih I F CDJ $ A r A BCDil> B + g^jiPij^ A T AB ij B + lij A T B ^ B ij A T c ^ c 

- ^aT b ^ A T c ^ b - ^ A T B ^ A T B ^ C + ^a^cT abcd ^d. (2.1) 

where g is the U(l) coupling constant. Indices {F, . . . , K} are the special geometry ones, 
{L, M,N, . . . } are the curved bulk indices and {A, . . . , D} labels flat bulk directions. The 
quantities fljj, Cuk, tu K , P, hj are related to special geometry (see [SIEIE])- Notice that 
when the i spinorial indices are omitted, northwest-southeast contraction is understood, 
e.g. ipcipD = Tpc^iD- We define the supercovariant field strengths F AB such that 

— - v/6 

F AB = F AB ~ ^[A^B]^ 1 + — itpAtpBh 1 , 

Fi 1N = 29 [M ^] + gfjKA'A« . (2.2) 
We define also P = /i 7 P/. The covariant derivative reads 

V m ^n = {d M + \u M AB T AB )iP i N -gA I M P I l ^ Nr (2.3) 
This action admits the following N = 2 supersymmetry: 
öe M A = \eT A ^ M , 

6^ M = D^üy + ^hjF^^YM^-AgM^Ry-^igP^YMe^ 

SA T M = -^ih^M. (2.4) 
1 Index i labels the two spinor fields in symplectic-Majorana representation. 
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We also denoted 

D M (ü)e l = Vu^-gA^Pfe^ (2.5) 

where u indicates the spin connection defined through vielbein postulate, as we will see 
in the forthcoming sessions. 

2.2 Spinors Relations 

For our purpose, we find convenient to work with Dirac spinors instead of symplectic- 
Majoranaü Therefore we dedicate the present subsection to illustrate and remind the 
reader the translation table. 

For 5 dimensions SM spinors A* with i = {1,2}, the complex conjugate is defined 
through 

(AT = CTqA* , (2.6) 

the bar is the Majorana bar 

X* = (X) T C , (2-7) 
where C is the charge conjugation matrix satisfying 

C T = -C , C* = -C , C 2 = C ] C = 1 , 

(cr M f = -cv M , = ctmC- 1 . (2.8) 

Thus, the following expressions are real 

iX% , AT M ^ . (2.9) 

Notice that the index i is raised and lowered by the antisymmetric tensor e^. 

For our purpose, we need Dirac spinors e and the bar represents the Dirac adjoint 

e = ^T . (2.10) 

It is possible to construct one Dirac spinor from two SM: one has e = Ai + 1X2- For 
consistency then we have e = Äi — iA 2 . 

Using the above relations we express the quantities (12.9p in terms of Dirac spinors 

f\% = Re (e0) , ÄT M Vi = Re {-ieT M ^) , (2.11) 

where Re(x) denotes the real part of x. 

2.3 Susy Transformat ions 

The supersymmetry transformations (12.191) for iV = 2, D = 5 gauged supergravity written 
with Dirac spinors are 

6 e e^ = - ^Re {ieT A 5ipM) , 
öe9MN = - ^Re (ieT {M 5ip N) ) , 
S e iß M =V M (w) e + -t—e^F 1130 (T ABC - 4r] AB T c ) e , 

M ; M = -^Re(eW ; ) , (2.12) 



2 Dirac spinors are also used in [12l[T3] while symplectic-Majorana ones are present in [H [3 [6j [3 18] . 
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where 



\/fi - 

Fab =F{ B + ^ [A ^ B] h I , 
V M (u) =D M (ü) - gA M Pj , 

D M (w) =9 m + \com B T ab - ^gP^M • (2.13) 



In order to compare this with the AdS covariant derivative 



D M (u>) = 9 M + -^j m b Y ab + -e M r A , (2.14) 



we set 



gP= l -V6. (2.15) 

From the special geometry construction, h 1 satisfies 

Mi J = l, (2.16) 

then, in our particular case, where the gauge fields are generated only from susy trans- 
formation (12. 12p while the zero-order is zero, we dehne the gauge held as 

A I M = A M h I . (2.17) 

Döing so, all the indices / and the quantity h 1 disappear from the equations. Moreover, 
using eq. ( 12.15p . the A-part in the covariant derivative becomes 

- g A I M P I = -~V6A M . (2.18) 
Finally, the simplified susy transformations now read 
5 e e M = - ^Re (ieT A 5ij M ) , 
S e gMN = -^Re(ieT^ M 5ip N )) , 
5 e ^ M =V M (w) e + -^=e M F BC (T ABC - Ar] AB T c ) e , 

6 e A M = -^-Re(e^ M ) , (2.19) 



where 



a/6 - 

Fab =F AB + —^[A^B] , 

V ß (oo) =D ß (u) - l -VQA M , 

D M (w) =d M + \u M B T AB + -e M T A . (2.20) 
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As last remark, notice that torsion is not zero: 

de A + u A B A e B = % -i>T A i) , (2.21) 

then, the spin connection Cj is written in terms of both vielbein and gravitino bilinears. 
Moreover, the abelian field strength reads 

F M n =D m A n - D N A M = d M A N - d N A M + i-^M^ip n]A a ■ (2.22) 

We are left with the vielbeins, the gauge field and the Rarita- Schwinger (RS) field, which 
form the N = 2, D = 5 pure supergravity. Now, we can truncate to the bosonic sector 
and we consider a Schwarzschild-type Solution which is asymptotically AdS. Of course 
there are also more intricated Solutions with non-constant scalar fields or gauge fields, 
but we do not take these cases into account in the present work. 



2.4 Background Setup 

We choose a AdS$ Solution of pure Einstein gravity as background 

3 



ds 2 = -r 2 dt 2 + \dr 2 + r 2 ^ dx 2 , A M = , = , (2.23) 

r i=i 

where the metric is given in the Poicare patch. Notice that in this initial set up the gauge 
field and the Rarita-Schwinger fields are set to zero [H] and AdS§ radius is set to 1. The 
associated non-zero vielbein components are 

e° t =r, c J = i, < = rSf ; (2.24) 

while the non-zero spin connection components are 

lü^ 1 = r , uf = r6f . (2.25) 

Notice that we will use capital latin letters to indicate bulk directions (i.e. M, N run from 
to 4) leaving greek aiphabet to boundary ones (i.e. ß, v run from to 3) furthermore 
{t, r, i} are curved indices and {0, 1, a} represent flat ones. 

In presence of a uncharged, irrotational black hole eq. (12.23p becomes 

d, 2 = - (r 2 + a dt 2 + -^—dr 2 + r 2 j2 dx 2 , (2.26) 
in this case the non-zero vielbein components are 



- 2 + ^' e ' = 7PT7' ^ = rSt] (2 ' 27) 



and the non-zero spin connection components are 



= r-£, «f=> + ^. (2-28) 
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Convenient coordinates are the Eddington-Finkelstein ones. They are defined through 
the following change of variables: 

t = v + - , (2.29) 

r 

thus we get 

3 

d 2 g = -r 2 dv 2 + 2drdv + r 2 ^ dx 2 . (2.30) 



i=i 



In this case the non-zero vielbein components are 



e° v =r, e ? = ™' e\ = -^ e? = rSf ; (2.31) 

while the non-zero components of spin connection are 

^ 01 =r, U r 1 = -l u>? = r%. (2.32) 

Eq. (I2.2öp in this coordinates System is 

3 

ds 2 = - (r 2 + 4) dv 2 + 2drdv + r 2 ^ dx 2 , (2.33) 

where we used the following change of coordinates 

t = v-j^^dr. (2.34) 

3 Killing Vectors for AdS$ 

The basis [21 [3] for deriving the boundary equations of motion is the analysis of the 
isometries of AdS space. On a second step one can evaluate which of those isometries 
are preserved by the black hole Solutions and in terms of the broken isometries one can 
build local transformations, where the parameters are replaced by local expansion on the 
boundary coordinates. 

Even though we are interested here only in the fermionic wigs, we present the form 
of bosonic Killing vectors. That will turn to be useful in the forthcoming analysis. 

The Killing vectors for metric (12.231) read 

ft 2 l \ 1 
^ = -(- + — 10-^ (xjßj + e) - -XjXjC + djXj + d , 

K r —rtc + r (xjßj + e) , 

/ i /-'\ . .1 

K l = — }e l - tx l c + td l + -XiX J e l - x'x^e 3 - x l e + w l3 x j + h* , (3.1) 

\2r 2 2 / 2 

where the 15 infinitesimal parameters are interpreted as follows: {di} are the boundary 
boost parameters, {d,hi} represent translations in {t,x 1 } directions, e is the dilatation, 
{c, e{\ are associated to conformal transformations and {?%} is the antisymmetric tensor 
responsible of the 3 rotations in {xi}. 
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The Variation of the black hole metric in the Eddington-Finkelstein coordinates (12.33p . 
generated by these Killing vectors with all the conformal parameters set to zero reads 



ds =2dfdr — h (r) dv +rdxjdx*+ 

/ r 2 \ b 
- 2bi 1 - — -- dx l dr - 2b { (r 2 - h 2 (r)) dx l dv + 4a— dv 2 , (3.2) 
\ h 2 (r) / r 2 

where h (r) = ■sjr 2 + ^. In the work [21 [3] it has been chosen a different frame, and that 
is achieved by setting ß = — 1 and by a change of coordinate generated by the following 
vectors 

?=J ^p-dr + w)x 3 + d l , 

r =r = o , (3.3) 

where /* (r) = 2&jp^y , is an antisymmetric matrix and d l is a constant. We get 
ds 2 =2dv dr — h 2 (r) dv 2 + r 2 da;jd x l + 

- 2b i dx i dr - 2b t (r 2 - h 2 (r)) dx i dv - 4^dv 2 . (3.4) 

4 Killing Spinors for AdS$ 

Here we compute AdS Killing spinors. We found that there are two independent Solutions. 
These are obtained by first factorizing the Dirac spinors into a 2c? spinor and a 3g? spinor 
in their irreducible representations. 

Notice that, since we are interested into the complete Solution - namely all powers 
of fermions - we have to deal with the fermionic nature of the spinor fields. Therefore, 
factorizing the spinors into a product of spinors in lower dimensions, we have to declare 
the statistic of each part. As a matter of fact, we saw that the map between the original 
fermion e and its decomposition e £g> rj spoils the correct number of degrees of freedom 
only if all possible choices are taken into account. Namely, we have to choose first e to be 
anticommuting and rj commuting and subsequently e commuting and rj anticommuting: 

e = eU® v\c + £\c® v\a ■ (4.1) 

The gener alization to an arbitrary number of dimensions is straightforward. As we will 
see, in the present case e has only one degree of freedom. This allows us to consider just 
e = e\c ® v\a- 111 the forthcoming we will drop indices A, C. 
The Killing spinor equation for AdS reads 

d M + \co a ^T ab + ~e a M r a ^J e = . (4.2) 

with T ab = | (T a T b — T b T a ). In components we have 

d t t + T -T Q (r x + 1) e = , 

d r e + —Y x e = , 
2r 

d t e+ T -T l (T 1 + l)e = . (4.3) 
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We can divide the 5 dimensional space in two parts: {t,r} and {x 1 } using the following 
gamma matrices parametrization 

T = ia 2 ®cr , r\ = <7i ® a , T a = a 3 <S) cr a , (4.4) 

where cq is the identity matrix in 2d. Hatted matrices refer to x 1 space. In this way, the 
Solution of eq. (14. 2p is 

e = \ -^= - ty/ra^j e <g> rji - Vrcr 3 e <g> i] 2 , (4.5) 

where 

7] 2 =x k a k r] 1 + 1] , (4.6) 

and rji , rj are 2-dimensional complex spinors (and so contain 8 real dof 's) while Eq is a 
real 2-dimensional spinor with only one dof. The total number of degrees of freedom is 
then 1x8. The Solution (14.51) can also be written as 



e = -4=ero <g> <7 e <8> % - y/ra 3 <S) (ta + x l äi) Sq®^- y/ra 3 ® a e (g) ri . (4.7) 
Notice that eT M e reproduces the Killing vectors (13. ip as expected. 



5 Algorithms 

To build the BH wigs, we use the following algorithm. We expand in powers of fermionic 
bilinears. Notice that we could have performed a finite supersymmetry transformation, 
however it turns out to be more convenient dealing with an iterative procedure due to 
the anticommuting character of fermions. 



5.1 Generalities for Algorithms 

The algorithms are based on the perturbative expansions in fermionic bilinears (for the 
bosonic quantities) or spinors (for fermionic ones). Then, every quantity is labelled by 
an integer index between square brakets [N — 1 • • - ] denoting the perturbative order. 
More in detail: 

• e M A , e^ M and 0Om AB contain zero bilinears; 

• e^ A , e^ M and oj^ AB contain one bilinear; 

• e^ A , e^ M and oj^ AB contain N — 1 bilinears; 

but 

Qmn-s 5^ Am contain one bilinear; 
9MN-, S^A m contain N bilinear; 

and 

• ö^ipM contains one spinor (1/2 bilinear); 

• ö^ipM contains 2N — 1 spinors (N — 1/2 bilinears). 
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5.2 Inverse Vielbein e^f 

To compute the inverse vielbein e A , we use the definition 



e M e B 



°B 5 



(5.1) 



expanding the vielbeins we get 



AI 



+ ey +e 



[3]A 
M 



J1]M 
B 



+ e 



[2]M [3]M 



B 



+ e 



B 



°B 



(5.2) 



We then obtain one equation for each perturbative order 



S 



B — e M C B 
n _ [2]M 



+ e 



[2]A [1]M 



[1]A [3]M . [2]A [2]M . [3]A [1]M 



— e M e ß 



+ e 



The first one is solved as usual by inverting the vielbein ej^. 
solved by 



(5.3) 

The other equations are 



J2]M 
B 

MM 



\\]M 



— e 



[1]M 



[2]A [1]R 
R C B 

2]A [2}R 



e R, e B 



+ e 



[3]A [1]R 
R e ß 



(5.4) 



In gener al we have, for N > 1 



d [N]M 
'B 



[l]Mrr[N]A 

A B ' 

JV-1 



V 



[N]A 



£ 

P =i 



\p+l]AJN-p}R 



R 



B 



(5.5) 



5.3 Spin Connection 



M 



The spin connection uff is defined by the vielbein postulate f)2.2ip 



de A + uj a b A e 



B 



-ipr A ij . 



(5.6) 



Extracting the 1-form basis |dx A/ }, it becomes 



d[ M e A N] + u\M 'Vbc e% = j^[m^ a ^n) ■ 



c 



(5.7) 



As in the case of inverse vielbein, we expand in perturbative order. We obtain the 
following result 



üü 



[N]DC [1] 



M 



CA,D 



AD,C 



q[N]DC,A =e [l]N[D e [l]MC] 



N-l 



N-l 

'lnc< v - 1 X^' 1 ^[m 1 bW n] 



[M 



p=l 



p=l 



(5.1 
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5.4 Gravitino 

Using definitions f l2TT9|) . <K2Ü\f . and f l2T22|) we get 



Ai 



1 1 2 \ 

d M + ^m B Fab + 7> e M T A - ^V6Am ) e+ 



x 



i v/6 



In order to compute the gravitino Variation ipffl order by order we separate the expression 
above in different pieces 



(5.9) 



(cü) e = (öj? + \^ ]AB V AB + \e [ $ A T A - \ ^ A^) e this part contains 
"2iV — 1 spinors" (short way to say N — 1 bilinears and one spinor). Notice that 
dfipe is simply zero for iV > 1; 

e^ A : contains N — 1 bilinears (2 (N — 1) spinors); 

ABC — {V abc ~ ^Vab^c) e: this term contains always only one spinor e; 

(^)^=[44J [W] ; 



[V] 



it<b 



-i [ijj [R T A il) S ]] [N] ; 



RS A 



D 



■2 > RS =[(Di) RSA V AA 'A A ,} 



[N] 



D 



[N] 



-i [^{r*Ps]] [N] - 



RS 



With these definitions, (15.9p becomes 



5f^ M =2>ff (cD) e + ~j= (e^% ( B )abc (C [N ° ] )Z ^ rj CE x 



RS 



X 



4:^/6 

D - l -D 2 + 

u 4 ^ 4 d 



1 [JVd] 



(5.10) 



To obtain the correct perturbative order [N] for öeipM the quantites N e , N B , N c and 
N D must take the value as shown in the following table. 
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N 


N e 


N B 


N c 


N D 


[1] (1/2) 


[1] (0) 


(1/2) 


[1] (0) 





[2] (3/2) 


[1] (0) 


(1/2) 


[1] (0) 


[1](1) 


[3] (5/2) 


[i] (o) 


(1/2) 


[i] (o) 


[2] (2) 




[2] (1) 


(1/2) 


[1] (0) 


[1] (1) 




[1] (o) 


(1/2) 


[2] (1) 


[1] (1) 


[4] (7/2) 


[1] (o) 


(1/2) 


[1] (0) 


[3] (3) 




[2] (1) 


(1/2) 


[1] (0) 


[2] (2) 




[1] (0) 


(1/2) 


[2] (1) 


[2] (2) 




[2] (1) 


(1/2) 


[2] (1) 


[1](1) 




[3] (2) 


(1/2) 


[1] (0) 


[1](1) 




[1] (0) 


(1/2) 


[3] (2) 


[1] (1) 



The numbers in square brackets are the perturbative order of the various pieces (see 
sec. |5.1] ) while the ones in round brackets are the numbers of bilinears in the term, with 
the Convention that 1/2 bilinear = 1 spinor. 

Now, we have to give explicit algorithms to compute C^ N \ and D^. 



5.4.1 CM 

Using the Conventions given in sec. [5.1j we obtain the following result 

(r [N]\RS _ T R s lW _ 
\ U ) B'C - l e B' e C'\ - 
N 

= X>g R eg- p+1]5 . (5.H) 

p=l 



5.4.2 D 



To obtain the term we need üf^ and the gauge field with flat index 



[e A A r \ ^ . For the former we have 



while the latter reads 



Then, becomes 



RSA 



- i [*I>[r Fa?Ps]] [N] 

N 



A 



[N] 



p=l 



,Ra 1^1 



D 



[N] 



RS 



N 

E e ]p]R A [N-p+l] 
A R 

P =i 



(Di) RSA v AA 'A A > 



[N] 



N-l 

P =i 



tri 



RSA 



AA> A [N-p] 
1] Si A , 



(5.12) 



(5.13) 



(5.14) 
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5.4.3 D 3 



IN] 
3 

Last, in analogy with ( 15.12p we have 



DP) =-i[^8i] W 



RS 



N 



HW^. (5.15) 



5.5 Vielbein and Metrie 

The vielbein is obtained as in eq. (12.19p 



= - ^ (icT-VS?) , (5-16) 

then, the metric becomes 



TV 

o« 9mn - } z {M e N) T] AB ■ (5.17) 

p=l 



5.6 Alternative Metric 

The metric is obtained from the susy transformation eq. (12.19p 

ö[ N] gMN = - ^Re [ieTß.fi/j N )] [N] = 



-\^^t^^< P+1] ) ■ ( 5 - 18 ) 



5.7 Gauge Field 

Gauge field follows directly from eq. ( 12.19p 

\/6 



5fU A/ = -^Re . (5.19) 



6 Results 



In this section we collect the results obtained from the algorithms described in the pre- 
vious sectionjf] First, we present the AdS^ wigs construeted from one of the two Killing 
spinors rjo and rji. Since each of them contains 4 real degrees of freedom, the series 
truncates after the second order in bilinears. 

The wig which depends only on 770 turned out to be too simple: we show that it gives 
no contribution both to the ADM mass and to the boundary stress-energy tensor. 

rji 7^ 0, r] = case is more interesting: the explicit dependence on the boundary 
coordinates leads to a modification to BH Killing vectors. Furthermore, the boundary 
stress-energy tensor is not trivial and it will be discussed in section [7j. 



'Notice that Fierz transformations (see appendix [B]) are used throughout the computation. 
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In order to present the result in different ways, we give the füll wig and two particular 
limits of it, expanding in one case around small ß and in the other one around large r. 
The former limit allows us to study a simplified, but a complete, metric while the latter 
shows the near boundary geometry. 

The most general wig, obtained taking into account both r/o and r/i, is derived. The 
degrees of freedom are now 8, then the algorithm has to be iterated to the fourth order in 
bilinears. The füll expression is really cumbersome, even in the small \x and large r limits. 
Then, we do not write it in this work, but the interested reader can find an electronic 
version in the ancillary flies. 

We repeat the procedure described above for the AdS^ wigs. Apart from numerical 
coefficients, we find no substantial differences from the AdS 5 case. For this reason we 
present only the simplest results, leaving the complete wigs in the ancillary files. Last 
remark, all wigs computed are asymptotically AdS. 

6.1 Results for D = 5: 7/1 = and 7/0 7^ 

In this section we compute the finite BH wig choosing 771 = and r/o 7^ 0. We introduce 
the following bilinears 

M = -rr/Jr/o , V< = -ir}l&iVo , A = £ £ , (6.1) 

with these definitions, M and Vj are real numbers. 

6.1.1 Complete Wig 

The metric at first order is 

5[1] 9= -^rrrAMdrdt , (6.2) 

r 2 h (r) 

where we defined h (r) = ^r 2 + ^. The metric at second order is 

6®g = - — 4 [-3/i 2 + fir 3 (-7r + 10/i(r)) + 12r 7 (r - h(r))] A 2 M 2 dt 2 + 

— — \fir (14r - 3h(r)) + 16r 5 (r - h(r))] A 2 M 2 dx 2 + 
32rh(r) 

— (rh(r)f /2 [fir (14r - 15h(r)) + 10r 5 (r - h(r))] A 2 M 2 dr 2 + 
- [nr (3r + h(r)) + 8r 5 (r - h(r))] A 2 M V, dt&x 1 . (6.3) 
The gauge field is zero at every order. 

6.1.2 Expansion 

The complete metric result is now presented here in large-r expansion and this coincides 
with the small-/j expansion. 

ds 2 = -fr 2 + 4) dt 2 +(\-^)dr 2 + r 2 dx^-^ r -\Mdrdt+ 
\ r / \r z r° J r n[r) 



+ 
+ 



^A 2 M 2 dt 2 + ^A 2 M 2 df 2 - ^A 2 M 2 dr 2 - -^-A 2 M VAtdx 1 . (6.4) 
32 32 16r 4 32r 4 v ; 
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6.1.3 ADM mass 



Following the procedure outlined in [131 HS] we compute the ADM mass for the r] ^ 0, 
rji = case. The ADM mass is defined as 



Eadm = -^ N(ß-Q ) , (6.5) 

where N = <Jgtt is the norm of the timelike Killing vector dt, G is the trace of the extrinsic 
curvature of a spacelike, near-infinity surface S and 0o is computed in the background 
AdSs geometry. Using the defmition of extrinsic curvature we can rewrite eq. (16. 5p as 

Eadm = -tt^N K - <) d^Ax , (6.6) 

where n M is the vector normal to E and A-% is the area of E. In order to consider a near 
infinity space-like surface, we use the large-r metric eq. (16. 4p . We dehne a new radial 
coordinate 

p 2 = r 2 + |A 2 M 2 , (6.7) 

thus, the area of E is simply p 3 V p , with V p the coordinate volume of the surface parametrized 
by x l . The ADM mass is then 

which is the result for Schwarzschild black hole. The wig constructed by bilinears only 
in 7/0 gives no contribution to the ADM mass. 



6.1.4 Boundary Stress-Energy Tensor 

Using the prescription given in section [7j we compute the stress-energy tensor for the 
black hole wig. The result is 

T ßV = -- (Au ß u u + rj ßU ) , (6.9) 

where u ß = (1, 0, 0, 0) is the fluid velocity in the rest frame of the fluid. In this case, we 
have no contribution from the BH wig. 



6.2 Results for D = 5: rji ^ and r/o = 

In this section we compute the hnite BH wig choosing rji — and r] ^ 0. As in the 
previous case, we introduce 

N = -irjlrjo , Kj = -ir/Jajr/o , A = e e , (6.10) 

where again N and Kj are real. Notice that in order to present the results we write the 
hrst terms in the large-r expansion. 
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6.2.1 First Order in /i 

As a first check, we want to determine only the effects due to gauge field and not to 
bilinears in the gravitino field. For this reason we consider the first order in the expansion 
around \x = neglecting the contributions Coming from bilinears in the gravitinos, since 
they contribute to order O (/J?)- 
The metric at first order is 

5Wg = - ^ ( Nt + K t x l ) dt 2 + ^ [- N (t 2 + x 2 ) - 2tx t IC] dtdr+ 

-^(iK, + x t N) dtdx* + ^ K, drdx* - ^ ( Nt + K k x k ) 5 tJ dx'dx j . 

(6.11) 

The metric at second order is 

5 m g = _ _^_A 2 N [2rHx* K, (4 + r 2 (t 2 + x 2 )) + N (l + r 2 (t 2 - 3x 2 ))] dt 2 + 

-^A 2 N[Nt 2 + r 2 te l K, (t 2 + x 2 )] dr 2 + 

- ^A 2 N [t N (2 + r 2 (t 2 - x 2 )) + j K, (l + 2r 2 (3t 2 + x 2 ))} dtdr+ 

+ ^A 2 N [-2r 2 Xi (3t N + 2x j Kj) + K< (l + r 2 (-3t 2 + x 2 ))] dtdx i + 

- ^A 2 N [ Xi ( N + 8r 2 tx j Kj) + t K; (-1 + 2r 2 (t 2 - x 2 ))] drdx l + 

+ _^_A 2 N [Nr (-1 + r 2 (t 2 + 3x 2 )) 5 tJ + ArHx k K k (-1 + r 2 (t 2 + x 2 )) 5 tJ + 

-2 Nr 3 XiXj + rhxi Kj] dx { dx j . (6.12) 
In this limit, the gauge field is zero at each order. 

6.2.2 Large r expansion 

Here we compute the large-r expansion of the metric corrections. 
At first order, we have 

5 [1] g= - ^A [tN + x'Kj dt 2 - ^A [2tx l K t + N (t 2 + x 2 )] dtdr+ 

- -E-X (t Ki + x t N) dtdx* + Ki drdx* - -^A (tN + x k K k ) 5 lj dx l dx j . 
2r 2r 5 2r l 

(6.13) 

The metric at second order is 

ö^g = - ^A 2 Nix* K, (t 2 + x 2 ) dt 2 + 

-^AVNK, {t 2 + x 2 ) dr 2 + 

_ ii A 2 N [t N ( (t 2 - f 2 )) + 2a; 1 K, (3t 2 + x 2 )] dtdr+ 
+ -^A 2 N [-2xi (3Nt + 2a: fe K fe ) + ((-3t 2 + f 2 ))] dtdx l + 



E 

r 



4A 2 N [4t 2 ^a; fe A; fe + K; (t 2 - x 2 )] drdx l + 



+ /xA 2 N 



tx k K k (t 2 + x 2 ) 5 tj + — (tx t K, - 2 NxiXj) 



dxW . (6.14) 
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The only non-zero components of the gauge field are the Af^ 
6.2.3 Complete 

Here we present the complete wig depending on rji bilinears. The first order is 

fiWg = - ^Xh (r) [tN + x l Ki] dt 2 - ^£^yA [(t 2 — x 2 ) N + 2tx' Kj dtdr+ 

+ Ar (r - h (r)) [t Ki + Xi N] dtdrr 1 - — ^— (r - /i (r)) K, drd^+ 

rh [r) 

+ \r{r-h (r)) [t N + x* Ki] <J - dxM^' . (6.16) 
The second order is 

«jl 2 ^ = - _L NA 2 [2r 2 t^ Ki (-3/T 2 (-11 + 4r 2 (t 2 + x 2 )) + 3//r 4 (9 + 4r 2 (t 2 + x 2 )) + 
+2/ir 3 /i (r) + 2r 6 (-3 + 4r 2 (t 2 + x 2 )) (r 2 - r/i (r))) + 
+ N (> (ll + 6r 4 (-t 2 + f 2 ) 2 + r 2 (13t 2 - 31f 2 )) + 

+2r 6 (-3 + 6r 4 (-t 2 + x 2 f + r 2 (-25t 2 + 11£ 2 )) (-r 2 + rh (r)) + 

+/i (2r 8 (-t 2 + f 2 ) 2 - 6r 3 /i (r) + r 4 (17 + 2r (t 2 + x 2 ) h (r)) + 

-r 6 (8rt 4 /i (r) + f 2 (37 + 8rx 2 h (r)) - t 2 (31 + 16rf 2 /i (r)))))] dt 2 + 

" m^W) NA2 t Nt ^ ^ 31 + r2 ^ " f2 )) ^ + r/i (r) ) + 

+/i (22rh (r) + r 2 (-21 + 5 (t 2 - x 2 ) (-r 2 + 4rh (r))))) + 

W Ki (lOr 4 (-1 + r 2 (3t 2 + f 2 )) (-r 2 + r/i (r)) + /t (14r/i (r) + 

+r 2 (7 + 9 (3t 2 + x 2 ) {-r 2 + 4r/i (r)))))] dtdr+ 

+ t NA 2 Ur 2 ta; 1 K, (2r 6 - 2r 5 /i (r) + 

8r 7 (/i(r)) 3 L K K> 

+/i (-r/i (r) + r 2 (2 - (t 2 + f 2 ) (-r 2 + 5r/i (r))))) + 

+ N (2r 4 + 2r 2 (-t 2 + x 2 ) + 2r 4 (-t 2 + f 2 ) 2 ) (r 2 - rh (r)) + 

+/i (5r 6 (-t 2 + x 2 ) 2 - 5r/i (r) + 2r 2 (5 + r (-5t 2 + x 2 ) h (r)) + 

-r 4 (3rt 4 h (r) + 3r£*/i (r) - 2t 2 (-4 + 3rx 2 h (r)))))] dr 2 + 

+ ^ NA 2 [Ki (/ir (6 + r 2 (3t 2 + x 2 ) + 3r 4 (-t 4 + f 4 )) + 

+2r 5 (3 + r 2 (9t 2 - 5f 2 ) + 4r 4 (-t 4 + f 4 ))) + 

-2r 3 Xl ( N (13// - 2r 4 ) t + K, (-14r 4 + 8r 6 (3t 2 + x 2 ) + 

+/x (-1 + 3r 2 (3t 2 + x 2 )))) - ( K x (/x (-1 + 2r 2 (3t 2 + x 2 ) + 

+r 4 (t 4 - f 4 )) + 2r 4 (3 + r 2 (9t 2 - 5f 2 ) + 4r 4 (-t 4 + f 4 ))) + 
+2r 2 Xl (2 N (-/i + r 4 ) t + a; 1 K, (l4r 4 - 8r 6 (3t 2 + x 2 ) + 

+/i(2 + r 2 (3t 2 + f 2 ))))) /i(r)] dtd^+ 
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+ 32r 6 {h (r)) 3 N ^ [ ~ 2 ^ + ^ ^ ^ ^ ^ + ^ * + 
+ N (llr 4 + 25r 6 (-t 2 + x 2 ) + // (2 + 9r 2 (-t 2 + £ 2 )))) + 
+ (I3r 4 + /i (4 + r 2 (7t 2 - 9f 2 )) - r 6 (5t 2 + f 2 ))) + 
-r 3 (K^ (-26r 4 + 2r 6 (5t 2 + x 2 ) + ß (-29 + r 2 (7t 2 + 3f 2 ))) + 
+xt (2x i K^r 2 (9/i + 14r 4 ) t+ 

+ N (22r 4 + 50r 6 (-t 2 + f 2 ) + /i (23 + 43r 2 (-t 2 + f 2 ) ) ) ) ) h (r)] drd^+ 

+ 2 NA 2 [- (ß + r 4 ) {-Ax k K k r 2 t (l3r 4 + /x (l + 5r 2 (t 2 + x 2 ))) + 

16r 6 /i (r) 

+ N (4 (r 4 - 4r 6 (t 2 - x 2 ) + 3r 8 (t 2 - f 2 ) 2 ) + 

+fi (6 + 5r 4 (t 2 - x 2 ) 2 + r 2 (-11t 2 + 3f 2 )))) + 
+r 3 (-2x fc K fc r 2 t (26r 4 + fj, (23 + 2r 2 (t 2 + f 2 ) ) ) + 
+ N (4 (r 4 - 4r 6 (t 2 - f 2 ) + 3r 8 (t 2 - f 2 ) 2 ) + 

+fi (4 + llr 4 (t 2 - f 2 ) 2 + r 2 (-15t 2 + 23f 2 )))) h (r) c%+ 
- (/i + r 4 ) (+ (- N/i + 8x k K k r 2 (ß + 2r 4 ) t) 

+ ( K<Xj + KjXt) t (/2 (-3 + 4r 2 (t 2 - f 2 )) + 2r 4 (7 + 4r 2 (t 2 - f 2 )))) + 
+r 3 ( (-5 N/j + 16x fe K fc r 2 (fi + r 4 ) t) x { Xj+ 
+2 ( KiXj + K jXi ) t (4/i (1 + r 2 (t 2 - f 2 )) + 

+r 4 (7 + 4r 2 (t 2 -£ 2 ))))/i(r)] dx l dx j . (6.17) 



6.3 Results for D = 4: 771 = and 770 7^ 

The AdS± model is very similar to AdS^ one. For our purpose, the only relevant difference 
is the Schwarzschild BH metric 

ds 2 = /(r) 2 dt 2 + /(r)" 2 dr 2 + r 2 dx 2 , (6.18) 

where f(r) = ^Jr 2 + ^. Due to the fact that 2- and 3-dimensions spinors have the same 
number of degrees of freedom, our algorithm can be applied with no modifications. Notice 
also that the Killing spinors are written in the same way of eq. ( 14.7p . where x % denotes 
only x\ and x%- 

Last remark, in Ad is defined by dimensional reduction from 5d as 

r 5 = <r 3 <g> <r 3 , (6.19) 

then, bilinears in 77 with 03 are still present. 

6.3.1 Complete Wig 

The first order is 

5 [1] g = - - ^ A M drdt . (6.20) 
Arf(r) 
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The second order is 

ö [2] g = ^A 2 M 2 (7r 3 - 2/i) [n + 2r 2 (r - / (r))] dt 2 + 

- ^yA 2 M 2 [11/i 2 + 14/ir 3 + r 2 (25/x + 28r 3 ) (r - / (r))] 5 ij dxMx j + 

- ^A 2 M Vi [4/ir + (/i + 8r 3 ) (r - / (r))] dtdx l + 

32r/ (r) 

Notice that, as in the 5-dimensional case, the gauge field is zero at every order. 
6.4 Results for D = 4: 771 7^ and 770 = 

In this section we compute the finite wig choosing rji = and 7/0 7^ 0. We introduce the 
following bilinears 

N = -irilrio , K; = -irjl&irjo , A = e^o , (6.22) 

with these definitions, N and Kj are real quantities. 

6.4.1 First order in fj, 

As in [6.2.1] . we focus on effects due to gauge field and not to bilinears in the gravitino 
field, considering only the first order in the expansion around /i = 0. The metric at first 
order is 

ö W g = - ^i(Nt+K^)dt 2 -^[6r 2 t(K^) + N(-l + 3r 2 (t 2 + f 2 ))]dMr 

- ( Kit + N Xl ) dtdx { + Kidrdx* - ^ ( Nt + K k x k ) <%dx l 'dx J . 

(6.23) 

The metric at second order is 
ö m g= _ _^A 2 N[2r 2 t(K^) [7 + 3r 2 (t 2 + f 2 )] + N [l + r 2 (t 2 - 5x 2 )]] dt 2 + 

- ^Nt[Nt+(K k x k ) [-l+r 2 (t 2 + x 2 )]]dr 2 + 

- ^A 2 N [Nt [5 + 3r 2 (t 2 - Xi x { )] +2(K i x i ) [l + 3r 2 (3t 2 + x 2 )}} dtdr + 

- -^X 2 N [ Xi (3 Nt + 2 K k x k ) + 2 K { t 2 ] dtdx i + 

- ^A 2 N [( Nx :i -tKi)+ r 2 t [3 K; (t 2 - x 2 ) + \2 Xi x j K 3 ] ] drdx* + 

JL 

-Ar 2 NxiXj + IrHxi Kj] dx l dx j . (6.24) 



For both orders, the gauge field is zero. 
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6.4.2 Large-r expansion 



Here we compute the large-r expansion of the metric corrections. 
The first order metric is 



^ ( Nt + K lX l ) dt 2 -?*!±[2t( K iX l ) + N (t 2 + x 2 )] dtdr + 

^ ( Kit + Ni,) dxMt - ^ KidxMr + 
2r 2r 4 

A/i 
2r 



(6.25) 



The second order is 



= - ^A 2 Nrt ( K^) (t 2 + f 2 ) dt 2 - |^A 2 Nt ( K^) (t 2 + x 2 ) dr 2 + 

- ^A 2 N [ Nt (t - x 2 ) + 2 ( Ktf) (3t 2 + x 2 )] dtdr + 

- £-A 2 N [2 K^ 2 + Xi (x k K k + 3t N)] dtdx* + 
3/i 



4r 2 



A 2 Nt [4x 4 ( K fc x fe ) - K, (t 2 + x 2 )] drdx i + 



+ ^A 2 N 
4 



3rt ( K k x k ) (t 2 + x 2 ) Sij + -{t KiXj - 2 NxiXj) 



dx l dx j . (6.26) 



The non-zero components of the guge field are the A 

[2] _ a/6> 2 



[2] 



.4 



128r 



-A%x J NK 3 (-t 2 + x 2 ) 



(6.27) 



where En is the 2d antisimmetric tensor, with £ i2 = 1. 



7 Boundary Stress— Energy Tensor 

We now proceed calculating the stress-energy tensor dual to the black hole using the 
prescription given in [Ü] , [Tü] . First of all we dehne the constrain that will allow to foliate 
the spacetime in slices at constant r 



$ = r - c = 



(7.1) 



with c G Ro The outward-pointing normal vector to the boundary M.\ is defined as^| 



^g RS d R $d s <& 
Using um we dehne the boundary metric 7: 

iMN = 9MN — n M"^N 



(7.2) 



(7.3) 



4 We adopt the notation given in [TT) 

5 This definition is valid as long as the surface is not null-like. In that case, the outward pointing 



normal will be ku = —Qm^- See [TT] for further details. 
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In order to obtain a 4— dimensional metric we have to eliminate from 7 the first column 
and the first row 



7r 



iMN 



Jtr 
'Yir 



Irt Irj 



luv 



(7.4) 



In a similar fashion we calculate the extrinsic curvature Qmn and then 



ßV ' 



Finally we can dehne our (boundary) stress energy tensor as 



(7.5) 



8ttG 



(7.6) 



where 8 is dehned as the trace of Q ßU and G ßU is the Einstein tensoio build from 7^ ' . 
Note that we set Ra<is = 1 as usual. 



7.1 Stress— Energy Tensor for AdS§ 



Using the prescription given in the previous section we present the result obtained in 
AdS§. The first-order corrections are the same both at 4 and 5 dimensions, while at 
second-order one they are different. We decompose the contribution to the stress-energy 
tensor in the perturbative form as 



// 



- ßV 



(7.7) 



where u ß = (1,0,0,0) is the fluid velocity in the rest frame of the fluid as usual, B M 
(— N, Kj) is the bilinear 4— vector. As usual, we define the projectors 



P, 



Vßu + U ß Uu 



p. 



ßU 



-u ß u u 



The first order of T ßU is 



ßV 



d 
"4 



• x)(r] ßU + du ß u v 



4P) 1 P\ B [p x^ 



(7.8) 



(7.9) 



where d refers to AdSd+i- Notice that the second term in eq. (17. 111) resembles a vorticity 
term. Actually, the relativistic vorticity term is defined as 



A 



ßV 



PßxP^ [X u^ 



(7.10) 



In our case the second spatial projector is actually an orthogonal projector, that in fact, 
mixes space and time components as a result of the supersymmetry. B may be seen as a 
"super-correction" to fluid velocity. However, a deeper analysis is due. 



6 A careful reader may have noticed a change of sign in front of the Einstein tensor with respect to 
[lüj . This is just a matter of Convention in the definition of the Riemann tensor. 
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The second order reads 



TM 

' flU 



p, 



flu 



- p: 



i/,i> 



^ + y^j (B ■ x) 2 + 12 (xB) 1 (xB)" + (xB) 1 (xx) 
~ + 2/Vß ■ x) 2 + ~ (xB)^ (xB) 11 + (BB) X (xx) 



+ 



+ 



+ y (B • x) 2 (77^ + 4m m m^) + (BB)" 1 x (/1 



x 



4B • x + - (xB)" 



-2(xB) x B (M x, ) + 

- x p x ff (BB) 1 " + B p B a (xx) 



with 



(VW) = P^VW" , (W)" = F^VW 1 

and we have used Fierz identities (see appendix [B]) to Substitute 



fB-xl 



2(xB) x (xB)" + x 2 (BB) 
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The coefficient y can be set in order to recast 7^L, in a more suitable form for differ- 
ent factorization. For instance, we can analyse the coefficient associated to the tensor 
{i.u ß u u + rj ßV ). For the perfect fluid, this coefficient is related to temperature T 

T ßU oc T d (4:U ß u u + r] ßU ) . (7.14) 



(7.11) 
(7.12) 

(7.13) 



Setting y = — (d/4) 2 we have 



2 



oc T exp 



-A (B • x) 

2 v ' 



(7.15) 



where we reconstructed the series in the bilinears B. Döing this, the temperature of the 
fluid is modified as follows 

"1 



T 



Texp 



-A(B-x 



(7.16) 



7.2 Stress— Energy Tensor for AdS± 

The computation for the AdS& case is similar to the previous one. We consider the 
perturbative expansion 



2] 
fiu ' 



where we have defined as before and 



TP] 

' flU 



p, 



flu 



| + 2y) (B-x) 2 + |(xB) ± (xB) 



+ 



-P, 



flU 



y (B • x) 2 + 7 (xB) x (xB) M + 2 (BB)- 1 (xx) 



+ 



3 r 

+ y (B • x) 2 (r] ßU + 3u ß u v ) + - (BB)" 1 x {ß x u) - 2 (xB)" 1 B {ß x u) 



+ 



-P" P 1 - 

^ (fip 1 u)c 



(7.17) 



-3B [p x CTl 



2B • x + (xB) 



2x p x CT (BB) X + B P B CT (xx)"} 



(7.18) 
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Conclusions 



In present work, we have constructed the complete supersymmetric extension of classical 
Solutions of the AdS'-Schwarzschild type. We denote the complete Solution as the fermi- 
onic wig, to remind the reader that the anticommuting nature of this "hair". We have 
provided the exact analytical Solutions computed by automatic elaboration and for that 
we have described the algorithm based on iterative Solution of supergravity equations. 
We are left out several interesting applications that will be studied in the future such as 
BPS Solutions and their fermionic wigs and in particular the applications to fluid/gravity 
correspondence. 
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A Definitions 

In this section we set the notations. 

Characters {A — 1, • • • , d} labels bulk flat directions, indices {M — 1, • • • , d} are bulk 
curved ones. Lowercase latin letters {a . . . } indicates flat boundary indices while greek 
lowercases {/i . . . } are associated to curved boundary directions. 

The flat metric is rj = { — , +,+,...}. 

Products of gamma matrices are defined as follows 

rAi-A n = r [Al • • -T An] , (A.l) 

and antisymmetrizations read 

B[A V -A n ] = -7 (B Al ... An + antisymmetrizations) . (A.2) 



B Fierz Transformations 

In this appendix we present the Fierz transformations used in this work. 

The spinors used are 3-dimensional Dirac spinors tja with A labels the different spinors 
(and so, repeated {A} indices are not summed). It is easy to show that 

VaVa 1 = - ^Va'va^o - ^VA^iVA^' 1 ■ (B.l) 
Using this, we get the following relations 

Vb 1 VaVa 1 Vb = - \vb ] VbVa ] Va - \vb ] cnVßVA ] ct % Va , (B.2) 



VB j VAVA^iVB = ~ -VA^VAVB^iVB ~ -i]a ] ^iVA Vb ] Vb + -£%jk Vb^ 3 'Vb W ^Va , (B.3) 

24 



VB 1 o-iVAVA i crjVB = - ^Vb^Vb r)Ä}r) A kj + ^VB^kVB f]^a k r] A <%+ 

- 2 713 a(riB 11 A °i riA ~~ 2 T]B ajTlB 1]A aiT]A+ 

i 1 

- 7; £ ijk Va^Va VB^ k Vß + 7; £ ijk Va^^Va Vb^Vb ■ (B.4) 



If A = B this reduces to 



1 2 

rfairirfajri = - - {rfrj) 5^ . (B.5) 
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